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Abstract. Safe and efficient path planning is crucial for autonomous driving systems. In this
paper, we propose a trajectory optimization algorithm for unstructured environments that minimizes
both curvature and energy while achieving a near-time-optimal path. To improve efficiency of the
optimization process, we employ path velocity decomposition and reformulate the complex optimiza-
tion problem with the agent’s dynamic constraints into a quadratic programming (QP) problem,
considering the agent as a point of mass. Previous curvature-based algorithms were primarily de-
signed for racing scenarios, limited to static bounded tracks. In contrast, our approach extends
their applicability to complex open environments with obstacles, enabling safe and efficient naviga-
tion through the use of a boundary tube constraint. Furthermore, we introduce several techniques
to adapt the algorithm to unstructured environments, such as adaptive path spacing to enhance
computational efficiency by reducing the dimension of the QP problem. Additional methods, in-
cluding boundary tube correction and decaying curvature bound, ensure more feasible and stable
solutions for the algorithm. The proposed algorithm was implemented in ROS Gazebo and success-
fully tested on a four-wheel drive robot. Results demonstrate that the proposed algorithm generates
safe, smooth and time efficient paths, showing improved performance compared to B-spline and the
original curvature-based optimization method.

Key words. path planning, trajectory planning, path optimization, trajectory optimization,
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1. Introduction. In the modern era of autonomous transportation, path plan-
ning is essential for agents to navigate around complex and unstructured environ-
ments, which are filled with many obstacles. Traditional path planning methods
prioritize metrics such as shortest distance and minimum travel time. While these
objectives are critical, it is equally important to achieve smooth trajectories with min-
imum curvature in order to control an agent stably. Minimizing curvature reduces
wear and strain on the mechanical components (e.g., wheels, motors, joints) and ex-
tends their lifespan. Moreover, smooth paths enhance energy efficiency by reducing
unnecessary acceleration and deceleration, improving passenger comfort and safety.

To address these challenges, this paper introduces a novel curvature and energy-
based trajectory optimization framework designed specifically for unstructured envi-
ronments. By modeling the agent as a point of mass, the complex nonlinear dynamics
are simplified into a tractable quadratic programming (QP) formulation. Unlike tra-
ditional minimum distance methods such as the RRT family [9, 10, 14, 37] or the A*
family [6, 11, 20, 38], our approach focuses on minimizing the path’s curvature and
energy, achieving a near-time optimal path with low computational cost. Since the
optimization can fail in complex environments, we also introduce several techniques
to improve stability and efficiency of the optimization.

The remainder of this paper is organized as follows: Section 2 reviews related
work, providing an overview of existing trajectory optimization techniques, and Sec-
tion 3 describes the system model and environment. We present our proposed tra-
jectory optimization framework in Section 4, including several methods for improving
safety and efficiency. We demonstrate the performance of our proposed method using
a numerical experiment in Section 5, including the specific tracking controller used
and a comparison of several performance metrics, including computation time and
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travel time. Section 6 concludes the paper.

2. Related Work. Path smoothing methods have evolved with classic tech-
niques such as cubic spline, Bézier and B-spline curves, and more advanced con-
structs like Non-Uniform Rational B-splines (NURBS) [30, 36]. These methods pro-
vide various advantages in terms of computational efficiency, trajectory continuity
(C*- or C%-continuity), and suitability for complex environments. Cubic splines [21]
are constructed with piecewise cubic polynomial curves that ensure C2-continuity
with low computational cost. Bézier [5, 34, 39] curves generate smooth paths using
control points, offering low computational cost. However, since the curve is affected
by all control points, a change in one control point affects the entire curve, and de-
termining optimal control point placement can be challenging. Like Bézier curves,
B-splines [2, 16, 26] generate smooth paths using control points, but allow for local
control, meaning that changes to a control point only affect a portion of the path.
This local control and low computational cost make B-splines advantageous for fast
optimization. However, B-splines do not necessarily pass through the control points,
which can make it difficult to shape the path as desired, and as the number of control
points and the degree of the curve increase, so does the computational cost.

Special curves like Dubins [7, 25] and clothoids [22, 33] are employed for their
unique ability to incorporate curvature and smoothness. On one hand, Dubin’s curve
has low computational load, but it has discontinuous curvature profiles. This dis-
continuity results in a jerky transition when switching between straight segments
and circular arcs, which is not physically achievable by most vehicles. Parlangeli et
al. [29] address this limitation by approximating Dubins paths with C*° continuous
paths, providing a smooth transition for wheeled robots. On the other hand, since the
curvature of clothoids changes linearly, it is particularly suitable for high-speed navi-
gation. Thus, it is commonly used in highway road designs. Kim et al. [19] proposed
a modified turning algorithm reducing both path’s length and curvature, achieving
low centrifugal force.

Optimization-based methods mathematically define constraints such as path cur-
vature and length to generate objective-driven trajectories. Techniques like MILP [24],
MPC [8, 23, 27, 41] enable the direct creation of smooth paths, considering the agent’s
dynamics. Since the directly generated trajectories incorporate dynamic constraints,
these methods provide realistic trajectory planning. However, they still require sig-
nificant computational resources despite efforts to reduce the burden. Alternatively,
there are methods that optimize pre-existing paths using optimization-based smooth-
ing (e.g., [31]). These smoothing approaches have the advantage of satisfying path
constraints while requiring less computational resources.

Optimization-based methods have recently advanced, especially in the field of
time-critical racing [32, 40], as smooth trajectories are critical for achieving faster
cornering and maintaining consistently high speeds. Kapania et al. [18] introduced
a two-step iterative algorithm for generating minimum time trajectories. They de-
coupled the process into two sequential subproblems: a forward-backward integration
scheme to compute a minimum-time velocity profile for a fixed path, and a convex
optimization problem to update the path by minimizing its curvature while respect-
ing vehicle dynamics and track constraints. This method can obtain the optimal
solution rapidly due to its fast convergence. Braghin et al. [4] used a combined ob-
jective function that blends the shortest path and least curvature trajectories, and
formulated a QP problem. Then, they obtain the optimized trajectory in an iterative
way. They also emphasized the balance between minimizing curvature and distance
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reduction to achieve the shortest lap times. Heilmeier et al. [12] proposed another
QP-based trajectory smoothing method that generates minimum curvature paths with
low computational overhead. They formulated iterative QP problem to obtain min-
imum curvature trajectory, and demonstrated that this approach achieves lap times
close to those of a time-optimal method. The two methods differ in their assump-
tions: the former removes the cross term in the square of curvature, while the latter
approximates the first derivative of the path as constant. Both methods use itera-
tion to reduce errors arising from these assumptions. Additionally, Chung et al. [15]
employed a geometric weighted sum, combining a minimum curvature trajectory and
the shortest path. By adjusting the geometric weight parameter, they demonstrated
that this approach effectively reduces lap times under different maximum velocity.

3. System Model and Environment.

3.1. System Model Description. The kinematics or dynamics of the agent
are generally described by with system dynamics x = f(¢,x,u), and measurement
equation y = g¢(¢,x,u), where x represents the state of the agent and u represents
the control input. The specific f and ¢ functions vary according to the agent type
and configuration (see Subsection 5.1 for details).

Remark 3.1 (Agent Type). Although our formulation is exclusively written for
wheeled, driving robots (e.g., autonomous vehicles, RC cars) throughout this paper,
we emphasize that our algorithm can be extended easily to other types of robots. We
will henceforth refer to the "robot” or ”vehicle” as ”agent”.

To separate the agent’s dynamics from the trajectory optimization, the agent is treated
as a point mass. It eliminates the need for incorporating dynamic constraints into
the optimization. Instead, the velocity profile is calculated after the optimization.
This path velocity decomposition (PVD) [17] approach simplifies the optimization
problem and reduces computational time, as complex dynamic constraints are handled
separately.

3.2. Environment Description. Unstructured environments lack predefined
or structured features such as roads, lanes, or navigational aids, for examples, off-
road terrains, forested areas, or indoor spaces with irregular layouts.

At the beginning of the planning, we assume that the agent has access to a global
map of the environment. This map can be derived from prior knowledge or obtained
through pre-mapping processes, enabling the agent to plan its trajectory effectively
within the unstructured space.

4. Proposed Trajectory Optimization Method.

4.1. Overall Structure. Figure 1 illustrates the structure of the proposed tra-
jectory optimization method. The initial path from Xgart t0 Xgoal is determined using
sampling-based methods such as the RRT* family, or graph-based methods such as
the A* family. These methods not only compute a feasible route but also define the
homotopy class of the optimized path. We remark that this paper does not focus
on optimization methods for static path-planning; instead, it aims to find an optimal
path within a given homotopy class. Thus, any method can be used to generate the
initial path and our methods will still work.

The iterative QP process begins to optimize the initial path. To improve com-
putational efficiency, adaptive spacing is applied to the path to reduce the number of
path points while maintaining sufficient resolution for optimization. This is followed
by a boundary tube generation that serves as constraints for the optimization. The
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Iterative QP Process
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Fig. 1: Total trajectory optimization process

objective function in the QP includes the curvature and the energy cost of the path.
At each iteration, the velocity profile is calculated to estimate the travel time based on
the optimized path. The process continues iteratively until the expected travel time
no longer decreases. The method finally selects the path with the minimum expected
travel time, uniformly spaces it for lateral control, and generates a velocity profile for
longitudinal control.

One advantage of using the iterative method is that even if the process is inter-
rupted, the agent can still make use of the partially optimized path. This flexibility is
especially useful for real-time applications where a fully converged solution may not
always be available. Also, when used in an online setting, the agent might initially
follow a non-smooth path, but as the iterations progress, the path will gradually be-
come smoother and closer to optimal path. Eventually, the agent will follow the fully
optimized path.

4.2. Path Representation. As shown in Figure 2, the path points are adjusted
along the normal direction of each path point, as defined below:

(41) S?CW =8; +a;n;

new

where si°" denotes the new path point, s; is the previous path point, «; is the
deviation along the normal direction, and n; represents the normalized normal vector
of the i-th path point. The deviation «; is constrained by the left and right boundaries
to prevent obstacle-collisions as follows:

(4.2) —di,p < a; <dir

Since the environment is unstructured, the boundaries are absent. Therefore, we
establish the boundary tube to prevent the agent from colliding with obstacles. De-
tails are provided in Subsection 4.4 The 2D position vector of the path is given by
s; 2 [x;,y;]T. Along the z dimension, the path can be represented using cubic spline
as follows:

zi(t) = a; + bit; + cit? + dit?
(4.3) 2! (t;)
)

i) = 261‘ + 6dZtL
S =540

Asi
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Fig. 2: The black points represent the reference path with boundaries defined by d; ,
and d; g. The parameter o indicates the deviation in the normal direction of the
path, and the red path represents the new path.

where t; is a normalized curvilinear parameter of each segment, ranging from 0 to
1. So x;(0) denotes the start of segment ¢, and z;(1) denotes the end of segment
i. The spline for y; follows similarly to Equation (4.3). The a;, b;, ¢;, and d; are
spline coefficients that define the shape of each cubic segment. These coeflicients are
derived from a system of linear equations, which enforce constraints such as continuity
of the path and its derivatives, as well as specific boundary conditions. For a detailed
derivation, refer to Section A.

4.3. Minimum Curvature Path with Energy Penalty. The objective func-
tion aims to minimize the sum of squared curvatures and the penalty term for the
path’s energy, as follows:

2

N 1
ds;
minimize Zﬁf +~vE; where FE; = / @8i dt
0

‘ dt
i=1
s.t. K; < Kbound, @4 € [di,Ladi,R]y Vi € {1,2, . ,N}

(4.4)

Here, k; represents the curvature at point ¢ and Kpounq is the maximum allowable
curvature, where there are N points in total.

Unlike racing scenarios where the path boundaries are fixed (e.g., [12, 15]), in our
case, the boundary tube is dynamic and can be adjusted during each iteration. This
flexibility helps to make a smooth path, but sometimes it makes the path unnecessarily
long, especially in areas with no obstacles nearby. We introduce an additional term,
FE;, with a weighting factor, 7. Here, F; can be interpreted as the energy of the path,
which achieves a similar result to minimizing the path length. However, instead of
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ds;

using the path length, represented in cubic splines as L; = fo ‘ dt, we use the
energy of the path. This is because L; results in a non-quadratic obJectlve function.
Using the squared velocity norm instead, we transform the objective into a quadratic
form, allowing it to be solved as a QP problem.

The QP problem is formulated in matrix form, which follows the objective de-
scribed in Equation (4.4). The QP formulation can be expressed as follows:

(4.5) minimize o' (H, + Hp)a+ (fo + fe)'a st. Ea<k

The detailed derivation of Equation (4.5) is provided in Section B. When deriving the
formulation in matrix form, it is challenging to establish a general QP form because
the first derivatives, z and y}, are variables. However, by adopting the constant-
derivative approximation inspired by Heilmeier et al. [12], this can be addressed by
assuming that the path heading deviates only slightly from the reference path (or the
previous path). Under the assumption, the first derivatives can be approximated as
constants. Then, the problem is solved iteratively, updating the linearized variables
in each step to minimize the linearization error. As a result, the solution converges to
an optimized path that satisfies both curvature and energy efficiency requirements.

Remark 4.1 (Comparison with Minimum-Time Path). The minimum time path
in racing is a compromise between the curvature-optimal path and the shortest
path [4]. Using the path’s energy term, this approach still achieves a similar effect
to minimizing the path length, resulting in a path that is closer to the time-optimal
solution.

4.4. Improving Safety and Stability of the Proposed Trajectory Op-
timizer. The proposed trajectory optimizer employs dynamic boundary tubes to
maintain safe margins and adapts curvature bounds iteratively to enhance stability.
These strategies ensure that the optimization remains stable and generates safe and
feasible trajectories, even in unstructured environments.

4.4.1. Dynamic Boundary Tube Generation. A boundary tube is necessary
to form boundary conditions in the QP optimization. At each path point, the distance
to the nearest obstacle in the normal direction, denoted as d;, is computed. The
distance is constrained to lie within the range [0, dpmax], Where dpax is the maximum
allowable tube size. To ensure smooth transitions along the path, the rate of change
of this distance, dZ7 is further constrained by a maximum rate, dmax This constraint
mitigates abrupt variations in the boundary tube, thereby enhancing the stability of
the optimization problem. Moreover, as the optimization progresses, both the path
and the boundary tube dynamically adapt to nearby obstacles, ensuring safe and
feasible trajectory generation in unstructured environments.

However, a notable problem during optimization is that boundary tubes of differ-
ent path segments may intersect, as illustrated in Figure 3a. Such intersections can
cause optimization failures and result in unsafe paths, as the optimized trajectory
may become tangled or invalid. This problem typically occur in two scenarios: (1)
in sharp corner regions, where the geometric configuration causes the boundary to
cross, and (2) due to linearization errors in the QP formulation, or numerical error in
the optimization (e.g., numerical precision error of a large matrix or ill-conditioned
Hessian matrix).

To solve this problem, the tube correction is applied by trimming out the bound-

. . . . . T
ary intersection. For each consecutive path point, given s; = [:c2 yl] , we check for
intersections when the boundaries are expanded in normal direction at each point.
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If an intersection occurs, the boundary distances are adjusted by reducing them as
follows:

N2z (Y2 — Y1) — n2y(932 — 1)

(468,) ll = A
(4.60) fy = Melta = v) ~y(n — 1)

A
where A= — nyzngy + naxn1y. Section C shows the detailed derivation of Equa-
tion (4.6). Note that if A = 0, the normal vectors are parallel, and no intersection
can occurs. To further prevent crossings, each boundary distance is reduced by a
small value e. The updated boundary distances are then computed as d; =1; — € for
i=1,2.

(c¢) Additional cutting

Fig. 3: Illustration of boundary correction methods

4.4.2. Decaying Curvature Bound. In solving the QP problem, the given
curvature constraint may impose an infeasible constraint that the initial path cannot
satisfy, since the initial path is generated from such A* or RRT family that cannot
consider curvatures. Consequently, the iterative QP optimization process may fail
immediately in the first iteration. To address this, the iterative optimization starts
with a relaxed (larger) curvature bound, gradually tightening it to meet our desired
constraint. The curvature bound at each iteration j is defined as:

(47) Kbound = ("Qmax - Kfmin)e_oj + Kmin

where Kmax 18 @ curvature bound at the first iteration, K, is the desired curvature
bound, and o is a decaying rate of the curvature bound. This approach helps to find a
feasible solution by allowing a sufficiently large solution space in the initial iterations,
preventing failures in the high-curvature path section. Even if the optimization cannot
fully meet the desired curvature constraint, the proposed approach ensures that the
resulting path approximates the desired constraint as closely as possible.
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4.5. Improving Efficiency of the Proposed Trajectory Optimizer. We
make several additional improvements to our proposed optimization method in order
to improve computation efficiency.

4.5.1. Adaptive Spacing. We use two path spacing methods. One is uniform
path spacing, which divides the path into equal intervals. It is the simplest method
to implement and allows for control inputs to be applied consistently. So it is used
for providing control information after the optimization is complete.

However, the spacing distance affects the ability to detect surrounding obstacles,
e.g, a large spacing might fail to detect obstacles that are in between the space. Hence,
assigning the same spacing interval, regardless of the presence of nearby obstacles, is
inefficient, and unnecessarily increases the optimization complexity when there are not
many obstacles around. To resolve this, we proposed and implemented adaptive path
spacing, which adjusts the spacing according to the distance to the closest obstacles,
ranging from Sadaptive, min tO Sadaptive, max- As a result, the path points become denser
near obstacles and sparser in obstacle-free areas, effectively reducing the number of
points and the computational load during optimization.

4.5.2. Stopping Criteria. Common stopping criteria for any iterative algo-
rithm include terminating the process after a fixed number of iterations or when the
change in optimization metrics falls within a small threshold. However, such criteria
are unsuitable for unstructured environments, where performance metrics vary de-
pending on the conditions. A more efficient stopping criterion can be established by
considering the expected travel time, calculated using a velocity profile from the opti-
mized path. If the new travel time exceeds that of the previous iteration, the process
is terminated and the previous path is used. Otherwise, optimization continues until
the maximum number of iterations is reached.

4.6. Velocity Profile Generation. To ensure the agent navigates smoothly
and safely, a velocity profile is generated to regulate its speed at each point. The
profile defines a sequence of speed values along the path, constraining both the lon-
gitudinal and lateral accelerations of the agent. The constraints on the accelerations
are defined as |@iong| < Gmax, long a0d |G1at| < Amax, 1at- Here, aiong and aiae represent
the longitudinal and lateral accelerations, respectively, with their maximum allowable
values denoted by Gmax, 1ong and @max, 1at- The constraints on the longitudinal and
lateral velocities are now given as follows:

_ 2
(4.8a) Vlong = \/ Viong, prev T 2 Gmax, long As

(48b) Vlat = \/ Gmax, lat/n =\ R Gmax, lat

where x denotes the curvature, R the turning radius, and As the distance over which
acceleration is applied. This formulation ensures the agent’s speed is finely adjusted
based on the path’s curvature and other dynamic requirements, enhancing control
precision and safety.

Other constraints can be considered if necessary. For example, the maximum
permissible velocity is also taken into account. The final velocity of the agent is
determined by taking the minimum of the longitudinal and lateral velocity constraints
and the maximum velocity constraint:

(49) Vfinal = min{vlonga Vlat s Umax}
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5. Numerical Experiment. We demonstrate our proposed approach using a
4-wheel mobile robot. Assuming simplified lateral dynamics, the vehicle’s motion can
be described by the bicycle model with the following kinematic equations:

X =V cos(¥)

(5.1) Y = Vsin(y)
LV

Y= T tan(d)

Here, V', 9 represent the velocity and heading angle of vehicle, respectively, ¢ is the
steering angle, and L represents the wheelbase.

YAA

Look-ahead point

4

%) 4

Fig. 4: Schematic of the bicycle model and path tracking errors.

5.1. Trajectory Tracking Controller. To design the path-following con-
troller, we separate the lateral control and longitudinal control. A standard Linear
Parameter Varying (LPV) model [28] is used as a control model, and we utilize a Lin-
ear Quadratic Regulator (LQR) for the lateral control. The longitudinal controller
uses PID control to follow the velocity profile obtained from Subsection 4.6. The LPV
system equation is given as follows:

52 =l o] 12

Here, e, represents the lateral error, defined as the shortest distance between agent’s
axis and the reference path at the look-ahead point. e, denotes the heading error,
which is the angular difference between agent’s heading and the direction of the ref-
erence at the look-ahead point. V is the agent’s velocity, L is the wheelbase of the
vehicle, and u represents the control input which is steering angle.
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The LQR gain is obtained by minimizing the following cost function:
oo
(5.3) J = / (2" Qz +u' Ru)dt
0

Since the model is an LPV system, the control gain, K, depends on the velocity,
V. Since solving the Riccati equation in real-time is computationally inefficient, we
employed gain scheduling by precomputing the solutions to the Riccati equation for
a range of velocities and used these precomputed gains during runtime.

Fig. 5: Environment used in the experiment. The lines shows all possible paths.

5.2. Simulation of the Proposed Trajectory Optimization Algorithm.
The simulation experiments were conducted on a computer equipped with an Intel
Core i7-14700k processor running Ubuntu 18.04. To evaluate the proposed trajec-
tory optimization method, we used the open-source autonomous vehicle simulator
F1Tenth [1]. A global cost map is generated using SLAM, namely Google’s Cartogra-
pher [13]. To optimize the QP, we employed the OSQP solver [35]. Figure 5 illustrates
the environment used in the experiment, and shows all 441 possible paths from all 21
possible starting locations to all 21 possible goals. The map measures 25m x 12m
map. The experiment was carried out under two inflation layer configurations in the
ROS1 navcore framework: a thick case (inflation_radius: 0.5, cost_scaling_factor: 1.0)
and a thin case (inflation_radius: 0.35, cost_scaling_factor: 1.0). The key simulation
parameters for this experiment are summarized in Table 1.

Additionally, an initial path was generated using the A* algorithm. Before op-
timizing the path, we pre-process the path obtained from A* by applying the path
smoothing technique [3] to eliminate unnecessary points and make the path short.
This pre-processed path served as the input for the proposed optimization method.
Figure 6 shows the initial path generated from A* and the final path obtained from
the optimization with boundary tube.
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Table 1: Simulation parameters used in the experiment.

Parameter Name Value Unit Parameter Name | Value | Unit
Umax 5.0 m/s Suniform 0.25 m
Gmax, long 1.0 m/sz Sadaptive, min 0.25 m
Amax, lat 2.0 m/sz sadaptive max 0.50 m
Kmin 0.5 rad/m dmax 0.75 m

Kmax 1.5 rad/m dmax 0.05 m/s
o 0.6 - M 10 -

~ 1x 1078 -

* All parameters are in SI units where applicable. M indicates the maximum number of iterations
in the iterative QP process.

Fig. 6: (a) Initial path generation using A*. (b) Final optimized path with
boundary tube.

5.3. Results. We compared the performance of three trajectory optimization
methods: QP, QP with energy penalty (QP+EP), and B-spline. Here, B-spline is
applied to the path obtained from A*, incorporating the path smoothing technique
described in Subsection 5.2. The evaluation includes computation time of trajectory
optimization, optimization success rate of QP-based methods, travel time, and the
success rate of path tracking, which measures whether the robot successfully reaches
the goal.

5.4. Computation time and Optimization Success Rates Analysis. Com-
putation time indicates the calculation time of each smoothing algorithm. Optimiza-
tion success rate evaluates the success of QP optimization, requiring at least 3 iter-
ations to ensure the path is sufficiently well-optimized. The computation times are
only measured when optimization succeeds.

B-spline showed the lowest computation time among the three methods, as it
does not involve any optimization process. Thus, the optimization success rate is
not evaluated for this method. For QP and QP+EP, the computation times and
optimization success rates were nearly identical. Despite the inclusion of the energy
penalty term in QP+EP, it did not result in a noticeable increase in computation
time.

5.5. Travel Time and Path Tracking Success Rate Analysis. Travel time
represents the time for an agent to navigate from start to goal. Path tracking success
rate measures the rate that the agent successfully reached the goal without collisions.
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Table 2: Computation Time and Optimization Success Rate for Thick and Thin
Inflation Layers

Method Computation Time (s) Optimization
Name Min Q1 Q2 Q3 Max Mean Success Rate (%)
Thick Inflation Layer

QP 0.82 230 284 3.12 3.87 2.67 95.46
QP+EP 0.79 229 288 3.16 3.88 2.69 95.01
B-spline  0.03 0.05 0.06 0.07 0.11 0.06 N/A
Thin Inflation Layer

QP 0.88 143 195 244 3.30 1.95 94.56
QP+EP 087 143 194 242 3.16 1.94 95.46
B-spline  0.00 0.06 0.07 0.08 0.11 0.07 N/A

* All values are rounded to the second decimal place. Computation times are measured in seconds.
Optimization success rate represents the percentage of runs with at least three iterations. The
computation time 0.00 indicates a value less than 0.01.

Table 3: Travel Time and Path Tracking Success Rate for Thick and Thin Inflation
Layers

Method Travel Time (s) Path Tracking
Name Min Q1 Q2 Q3 Max Mean Success Rate (%)
Thick Inflation Layer

QP 826 9.01 9.30 9.65 15.02 9.49 100.00
QP+EP  8.03 897 9.27 9.63 1490 945 100.00
B-spline 812 9.92 1049 11.04 12.33 10.42 100.00
Thin Inflation Layer

QP 760 834 866 895 1349 8.74 96.15
QP+EP 759 816 856 886 13.53  8.66 96.83
B-spline 7.62 871 9.17 955 10.83 9.14 35.15

* All values are rounded to the second decimal place. Travel times are measured in seconds.

The travel times are recorded only in cases where path tracking was successful.

As shown in Table 3, thinner inflation layers reduce travel time by allowing the
agent to navigate closer to corners, resulting in shorter paths with lower curvature.
However, thinner layer increase collision risks due to insufficient sufficient boundaries,
leading to lower path tracking success rates. This limitation is particularly apparent
in B-spline case, which has the lowest path tracking success rate among the evalu-
ated methods, since its convex hull property causes paths to pass dangerously closer
to obstacles, increasing collision risks. In contrast, QP-based methods mitigate this
problem by incorporating boundary tube constraints, which provide safety margins.
This approach ensures higher success rates even in thin inflation layer cases. Never-
theless, the success rate decreases in thin layers, compared to in thick layers. In such
cases, QP-based methods can further utilize boundary tubes to create tighter safety
margins by reducing the tube size.
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Additionally, QP+EP achieved the shortest travel time, followed by QP and B-
spline. This result aligns with the remark statement discussed in Subsection 4.3. To
navigate safely, B-splines must reduce their smoothness, which leads to higher curva-
ture and more restrictive lateral acceleration limits. Conversely, QP-based methods
minimize path curvature within the safety boundary tube, reducing the impact of
lateral acceleration limits. As a result, QP-based methods achieve higher velocity
profiles, ultimately reducing travel time.

6. Conclusions. We proposed a trajectory optimization algorithm that extends
curvature-based optimization method, traditionally used in structured settings like
racing tracks, to unstructured environments with complex obstacle distributions. By
incorporating a boundary tube, our method ensures safe and efficient navigation in
these challenging environments. In addition, we introduced a curvature-energy opti-
mization strategy that balances smoothness with path’s energy. This approach leads
to near time-optimal trajectories, achieving a compromise between minimizing cur-
vature and reducing distance. Also, the method simplifies the complex optimization
problem with dynamics into a QP formulation, enabling efficient computation.

To generate a safe and stable path, a method that corrects the ill-conditioned
boundary tube is introduced. Decaying curvature bound is also introduced to find a
feasible solution to prevent failures of the optimization and obtain an optimal solution
in the best effort. Additionally, to improve efficiency, we introduced adaptive path
spacing to reduce problem dimensionality and a stopping rule to ensure timely ter-
mination of the optimization process. These improvements collectively enhance the
algorithm’s stability, safety, and computational efficiency, making it suitable for both
well-structured and unstructured environments.

The proposed QP-based algorithm demonstrated better performance compared to
the B-spline in terms of path tracking success rate and travel time, while the B-spline
achieved the shortest computation time due to the absence of an optimization step.
The experiments showed a trade-off where thinner inflation layers resulted in shorter
travel times but reduced path tracking success rates. Summarizing the experimental
results, the QP and QP+EP (QP with energy penalty) showed no significant difference
in computation time, while the B-spline demonstrated the fastest computation time
due to the absence of an optimization step. Safety problem occurred in the B-spline
due to its convex hull property. To address this problem, the smoothness needs to be
reduced, which results in higher curvature paths and longer travel times. In contrast,
the QP-based methods effectively utilized boundary tube to ensure safe navigation in
the complex environments. This approach allowed the QP-based methods to maintain
lower curvature safely, achieve higher velocity profiles, and ultimately record shorter
travel time. Lastly, QP+EP achieved the shortest travel time among the methods by
compromising path smoothness and distance.

Despite these improvements, some limitations remain that present opportunities
for further improvement. No matter how well an optimal curvature path is obtained,
the final path remains dependent on the initial path. Thus, there could still be a
better path. Therefore, identifying the optimal homotopy for minimizing curvature
or time can be a future work to improve overall efficiency of the path.

The penalty factor, v is constant along the entire path. However, performance
could be further improved by variable penalty factor «; on each path’s point. For in-
stance, v could be increase in low-curvature regions to prioritize minimizing distance,
which being reduced in high-curvature regions to emphasize curvature minimization.
Dynamically predicting appropriate -; values could improve the approximation of the



14 JEONGYONG YANG, HOJIN JU, AND SOOJEAN HAN

optimal time trajectory.

Finally, while the iterative QP-based algorithm demonstrates strong performance
in unstructured environments and generates smooth and feasible paths, it is not yet
suitable for real-time or online path optimization due to its computational complex-
ity. This limitation is particularly significant in dynamic environments, where paths
must be adjusted rapidly to avoid moving obstacles. In such cases, maintaining the
optimized path’s properties is crucial for ensuring path’s consistency and reliabil-
ity. Future research will focus on improving the algorithm’s efficiency and developing
strategies to preserve path quality in real-time scenarios.

Appendix A. Derivation of Cubic Spline Formulation. As described
in Equation (4.3), the path is represented as cubic spline. The entire path satisfies
C°, C', and C? continuity, ensuring smoothness in both position and derivatives.
This is achieved by matching the function and derivative values at the boundaries of
the spline segments:

xi(tzl):miﬂ(t:()) =4 ai+bi+ci+d¢:ai+1
(A].) .Z‘/<(t = 1) = $;+1(ﬁ = O) & b+ 2¢ +3d; = bi+1
zj(t=1)=a ,(t=0) & 2¢;+6d; =2¢;1q

To fully define the spline, boundary conditions must be applied at the start and end
points. In this case, a natural boundary condition is used, which sets the second
derivatives of the spline at the endpoints to zero. Thus, the polynomial constraints
are derived as follows:

t=0=0 < 2¢,=0
(A.2) 2y ( ) . €1

& 2ey+6dy =0

The above conditions for all N segments can be compactly represented as a global
linear system Az = b, as follows:

10000 0 0 0 a 21 (t =0)
11110 0 0 0 b z(t=1)

01230 -1 0 0 c1 0

0026 0 0 =20 dy 0
1 0 0 0 0 0 0 0 as za(t = 0)
1 1 1 1 0 0 0 0 b zo(t =1)

0 1 2 3 0 -1 0 O c2 0

0 0 2 6 0 0 -2 0 do 0

(A.3) -

1 0 0 0 0 0 0 0] |av_ zy_1(t =0)
1 1 1 1 0 0 0 0 bN71 $N,1(t:1)

0 1 2 3 0 -1 0 O CN-1 0

0 0 2 6 0 0 -2 0 dn_1 0
0000 1.0 0 0 an an(t=0)
00 0 0 1 1 1 1 bN LEN(t=1)
00 20 00 0 0 cn 2 (t =0)
L0000 00 2 6] |dv | |2%@t=1) |

To extract the coeflicients a, b, ¢, d for each spline segment, the global linear system
Az = b is solved. After solving for z, the coefficients a;,b;, c;,d; for each segment
i are directly obtained from the corresponding positions in the solution vector. The
matrices A, and Ay . q are used to extract the coefficients ¢ and b, ¢, d, respectively,
as will be described in Section B.
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Appendix B. Derivation of the Proposed QP in a Matrix Form. In this
Appendix, we derive the QP problem in the matrix form, which is shown in Equa-
tion (4.5). First, the matrix form of curvature objective is derived in Subsection B.1.
Second, the matrix form of path’s energy objective is derived in Subsection B.2.
Third, the inequality constraint is derived in Subsection B.3. Finally, the combined
QP problem is derived in Subsection B.4.

B.1. Derivation of QP for Minimum Curvature. The curvature and its
square at each point on a path can be expressed as:

1,11 /01
LYy YTy

Ki = (2 + y/2)3/2

B.1 ‘
. L = 2wl + Pl
/ @+ )

Here, z} and y, represent the first derivatives, and z/, y/ are the second derivatives

of the path coordinates. The objective is to minimize the total squared curvatures at
each point along the path:

N
(B.2) mianl2 subject to oy € [d; L, d; R]
i=1

Defining vectors for the second derivatives:
(B3) X" =laf, )Ty =l k)T
We form the quadratic programming problem in matrix form, as follows:

. 72 " nT " nT "
minx" ' PpX" +y" PryXx" +y"' Py

B.4
(B-4) s.t. @ € [0 min, Mimax] Vi€ {l,...,N}

Note: We assume that the path heading only changes slightly, compared to reference
path (previous path). Thus, Py, P,y, and Py, are constant.

, yi Y5 YN
o) P =g (ot s
: —2y)  —2ahyh —22N Yy
mat) =i (s G TR E D
x/Q x/2 I/2
(B.5¢) P, _diag( ! , 2 N )
w Gy GE+ P R+ v

Since the second derivative of the spline at ¢ = 0 is given by x”(t = 0) = 2c, the
second derivative of the spline, x”, can be expressed in terms of the optimization
variable o

(B.6) X" =24.A7 (p, + Npat) = T.ps + T 20

Here, A, is a extraction matrix of ¢, T, = 24,4~ and The = 24,A71N, are trans-
formation matrices derived from the cubic spline matrix A, and p, is the position
vector in the z-dimension. Similarly, the second derivative in the y-dimension, y”,
and the first derivatives, x’ and y’, can be computed using analogous formulations.
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Inserting Equation (B.6) and the corresponding version for y in Equation (B.4), we
finally obtain:
mina' (H, + Hyy + Hy)a + (£, + £, + £,) "« + const.

B.7
(B-7) s.t. a; € [ min, ®imax] Vi€ {l,...,N}

where

Hy =T, PesTo s,
Hyy =T, PoyTh s,
Hy=T, ,PyTh,,
f, =27, , ProTeqa,
foy =T, PoyTeQe + T, , PuyTeqy,
f, = 2T, P,,T.qy,
const = q;r TCTPmchm + q; TC—r PoyTeqq + q; Tc—r PyyTeqy.

B.2. Derivation of QP for Energy Penalty. The cubic spline path represen-
tations along = and y and its derivation are as follows:

x;(t) = a; + bt + cit? + d;t?
(B3) v (t) fit+g 2

@i(t) = by + 2¢;t + 3d;t

§i(t) = fi + 2git + 3h;t?
The energy penalty term in Equation (4.4) is defined as:

U s, 1
(B9) B= [ 15— [ @ i) @a
o dt 0

Then separate the energy term into z-component and y-component, denoted as E, ; =
[V a2(t)dt and E,; = 01 y2(t) dt, respectively:

0
2 4 5 9
Exﬂ‘ = bl + 2b;c; + 2b;d; + —=c; + 3c;d; + *di
(B.10) 3 E
' 4 9
Eyi = 7 +2figi + 2fihi + 591'2 + 3gihi + 5}%2
1 1 1
Let us define Qr; = |1 4/3 3/2| > 0. Then we can define E which is the energy
1 3/2 9/5

term along the entire path as a matrix form as follows:

N
E=) Ei=q]Qrq: +4q, Quay
i=1

(B.11) where Qg = diag(Qr,1, Qry2, -+, QL,N)
az = [b1, c1, di, ba, €2, do, -+, by, en, dn] T

ay = [f1, 91, b1, foy G2y hoy -+, fs g, AT
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The vectors q, and q, are expressed in terms of the position vector p,, p, and the
optimization variable a:

Az = ApcaA” (Do + Not) = Typy + Tynacx
(B.12) ay = Ap.caA™ (py + Nya) = Typy + Tynycx
where T, = ApcaA™ ", Tyne = ApedA "Ny, and Ty = ApcaA 1N,
Here, Ay, q is a extraction matrix of b, ¢, and d. Finally, substituting these expressions

into the energy term gives:
(B.13)

.
E=a' (T,,QcTms + T}, QeTyny) o+ (2T,,,QeTyps + 2T,,,QcT,p,) o
+p;—T;—QETqPI + p;—T;—QEquy

The constant term in the energy calculation does not affect the optimization and can
be ignored. Thus, the energy penalty term simplifies to:

E=a"Hpa+ fra
(B.14) where Hp =T,,,QuTynz + Ty QeTyny
fe =27, QeTyps + 2T, QeTyp,

B.3. Derivation of Constraints. In the optimization problem defined in Equa-
tion (4.4), there are two constraints - curvature constraint and boundary constraint.
The curvature constraints can be transformed into a linear inequality form to ensure
that the path’s curvature does not exceed certain limits.

(B15) |K"ref + K/var| < Kbound

Here, the total curvature is divided into two components: a static part, K,.f, derived
from the reference line, and a variable part, Ky,;, resulting from shifts along the normal
vector. Given the definition of curvature Equation (B.1) and the second derivative
obtained in Equation (B.6), the static and variable curvature are expressed as follows:

Rref = Qchpy - Qz1tps
Kyar = (QyTn,y - QlTn,l)a = Eka

Qs = ding ( Y Yo YN )
(VeP +uP)? (Vaf +u5)P (Ve +uR)

Q, = diag 7 i) i
y 9 yeeey

(Va? +yp)?® (Vay +y5) (Vi +yR)?
Additionally, the optimization variable o must satisfy the boundary constraints.

Combining these conditions, the resulting linear inequality constraints can be written
as:

(B.16)

where

IN oy dL
7IN . dR
B.17 <
( ) Ey . "~ | Kbound — Kref
_Ek N Kbound T Kref
where dL = [dl,L dQ’L dN,L]T, dR = [dl,R dQ,R dN,RjIT, and IN is

the identity matrix with size N.
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B.4. Combined QP. The objective function we propose is a combination of
curvature and energy of path. Since both the curvature and energy objectives are
convex and quadratic, we can combine them directly. The weighting factor v balances
the trade-off between minimizing curvature and energy efficiency. Thus the final QP
problem is expressed as:

minimize o' (H, + Hp)a+ (f. + fe) «

(B.18)
st. Fa<k

Appendix C. Derivation of Boundary Correction. The boundary correc-
tion is applied to both left and right. Here, we derive the correction distances, I; and
lo with respect to the right boundary. We define right-direction vectors in the normal
direction of s as follows:

rl(t) =81+l

I‘Q(t) =89 + lony

S; = [mz} and n; = [n”}
Yi Niy

The intersection of the two right-direction vectors is denoted as a point (. To find
the intersection point, we solve the following equation:

(C.1)

where

I'l(t) = I‘Q(t) = S1 + llnl = So + lgl’lg
= liny — lang =89 — 8

- Nie —N2e| |1 _|T2 711
N1y  —nay| |l2 Y2 — Y1
Let us denote the determinant of the normal vector matrix as A = —n1,n9y +n2xM1y.

If A =0, the normal vectors are parallel, meaning that they are not crossed. Other-
wise, the correction distances can be derived by solving the linear equation as follows:

(C.2)

n2x(3}2 - y1) — NQy($2 — xl)

(C3a) l1 = A
_ N1z (Y2 — Y1) — niy(r2 — 1)
(C.3b) Iy = A
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